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Abstract

In this paper, we present a systematical account of the descending procedure
from the six-vertex model to the N-state chiral Potts model through fusion
relations of t)-operators, following the works of Bazhanov—Stroganov and
Baxter—-Bazhanov—Perk. A careful analysis of the descending process leads
to the appearance of the high genus curve as the rapidity constraint for the
chiral Potts models. Full symmetries of the rapidity curve are identified, as is
its symmetry group structure. By normalized transfer matrices of the chiral
Potts model, the 7@ T relation can be reduced to functional equations over a
hyperelliptic curve associated with rapidities, by which the degeneracy of ®-
eigenvalues is revealed in the case of the superintegrable chiral Potts model.

PACS numbers: 05.50.+q, 02.30.Gp
Mathematics Subject Classification: 14H45, 14Q05, 82B23

1. Introduction

The purpose of this paper is to revisit the known facts on the N-state chiral Potts model as
a descendant of the six-vertex model and functional relations in the chiral Potts model. The
discussion will mainly be based on two notable papers [14, 15] in this recently discovered
solvable lattice model (for ‘descendants’ of a more general class of vertex models, see a recent
work of Baxter [12]). The formulae appearing in this work are to a large extent borrowed from
[14], and extensive use is also made of Baxter’s other works. Hence, the present paper lays
no claim to deep originality. In a way, our motivation is an attempt at better understanding
the significance behind many identities in Baxter’s papers, and clarifying the mathematical
content of formulae appeared in [14]. However, after the analysis is made on the descending
procedure, our effort leads to the appearance of the chiral Potts rapidity constraint in a natural
way from the viewpoint of the descendant of the six-vertex model. Afterwards, we proceed
to determine all symmetries of the rapidity curve, of which the large finite symmetry group
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structure has been widely believed for its role in solvability of the model; we further explore
the degenerate eigenvalues of the six-vertex model through the chiral Potts transfer matrices,
as an analogy to the discussion in [19] for the eight-vertex model for the root of unity cases.
We therefore hope that the reader will still find our presentation to be of independent interest.

In the study of the two-dimensional solvable N-state chiral Potts model (for a brief
history, see e.g., [22] section 4.1 and references therein), ‘rapidities’ of the statistical model
are described by elements [a, b, ¢, d] in the projective 3-space P* satisfying the following
equivalent sets of equations:

- kaV +k'cN =dN aV +k'bN = kdV,

{kbN+k/dN =cN {k/aN+bN = keV,

where k, k' are parameters with k> +k?> = 1, and k’ # %1, 0. The above relations define 27 as

an algebraic curve of genus N* — 2N? + 1, which will be called the rapidity curve throughout

this paper. For simplicity, we shall confine our discussion of chiral Potts models only on

the full homogeneous lattice by taking p = p’ in [14]. Note that a generalized column-

inhomogeneous 1,(f;) model and its corresponding row-to-row transfer matrix functional
relations without the conditions (1) have recently been discussed by Baxter in [13].

It is known in [15] that when descending the six-vertex model to the N-state chiral Potts
model, one first solves the Yang—Baxter RL L relation of the six-vertex model to obtain the
L-solution with operator entries acting on the ‘quantum space’ C (in the terminology of the
quantum inverse scattering method, see e.g., [18, 20]), and with parameters depending on an
arbitrary 4-vector ratio p = [a, b, ¢, d] € P? (for the explicit form, see formulae (6), (7) of
this paper). The trace of the L-operator gives rise to a commuting family of operators r,()z) (1)
for + € C. Our attempt is to search certain principles which impose the rapidity constraint
(1) for the chiral Potts model through descending processes from the six-vertex model. By
examining the formulae of functional relations involved in the chiral Potts transfer matrices
T,(q) in [14], we observe that the fusion relations of r;j )-operators, which are induced from
11(72)’ are equivalent to the rapidity constraint (1) on p. Then we go on to clarify all symmetries
of the curve (1) and identify the structure of the automorphism group Aut(20) through three
hyperelliptic curves of genus (N — 1) associated with 20. One such hyperelliptic curve is
defined by the variables r = %, A= ‘Cl—x with the relation

(1 =KA=K1Y
N = e . (2)

By normalizing the transfer matrices T, (g) as in [6], the TT and t®T relations on 20 can be
reduced to functional equations of operators on W;.. Then by using the (¢, A)-variable form of
the T relation derived in this paper (which to the best of our knowledge has not previously
appeared in the literature), we are able to show that the degeneracy of t ;2) -eigenvalues appears
when p is the superintegrable element, in analogy to the discussion of the 7—(Q7; relation for
the eight-vertex model in [19].

The remainder of this paper is organized as follows. In section 2, we begin our discussion
by briefly reviewing the rapidities and Boltzmann weights of the N-state chiral Potts model
in the literature (e.g., [1, 4]). In section 3, we start with a solution 11(72) of the Yang—Baxter
equation of the six-vertex model with the parameter p € P3 in [15], then define r,fj )—operators
for 0 < j < N through fusion relations, which originally appeared in the study of chiral Potts
models in [14]. A careful analysis of the fusion relations of t[(,j ) the constraint of p in rapidity
curve 20U, naturally arises as a consequence of these relations. In section 4, we briefly review
the results in [14] about the chiral Potts transfer matrices T),(g) for p, g € 20, DT and TT

relations, and their connections with t,(,j ). In this way, our T)-fusion approach to the rapidity

(D

Wk/ .
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curve in the previous section can be better understood by the original source we are basing
upon. In section 5, we first recall the relation of the rapidity curve of N-state chiral Potts model
and three hyperelliptic curves of genus (N — 1) with Dy-symmetry in [7, 25]. Through this,
we determine the full symmetries of the rapidity curve and its group structure. In particular,
the symmetries that have already appeared in the literature (e.g., in [3, 4, 9]) exhaust all the
symmetries of rapidities of the N-state chiral Potts model, and the order of the symmetry
group Aut(20) is equal to 4N?3. In section 0, by using the normalized operator V) (1, A) of
T,(q) as in [6], we reduce the T® T and TT relations from 27 to functional equations on the
hyperelllptlc curve Wy in (2). Note that the (¢, A)-form of TT relations was previously used
in the effective discussions of ‘ground-state’ energy [6] and the excitation spectrum [23], both
in the thermodynamic limit of an infinite lattice. Using the (¢, A)-form of the t®T relation,
one can see the degenerate r[(,2)-eigenvalues from the V),-eigenvalues in the superintegrable
case. We close in section 7 with some concluding remarks.

Notation. To present our work, we prepare some notation. In this paper, Z, R, C will denote
the ring of integers, real, complex numbers, respectively, Zy = Z/NZ and i = +/—1. For
N > 2, we fix the Nth root of unity,

and CV is the vector space consisting of all N-cyclic vectors with the basis {In)}sez,. Fora
positive integer n, we denote by ®" C" the tensor product of n copies of the vector space CV.

2. The rapidity curve of the N-state chiral Potts model

Let X, Z be the operators of CV defined by X|n) = |n + 1), Z|n) = o"|n) forn € Zy.
Then X, Z satisfy the Weyl relation and Nth-power identity property: XZ = w~'ZX,
XN =2zN=1.

We shall denote the 4-vector ratio by [a, b, c, d] for a non-zero vector (a, b, c,d) € Ce.
The collection of all 4-vector ratios is the projective 3-space P3. Hereafter, we shall always use
the variables x, y, u to denote the following component ratios of an element [a, b, ¢, d] € P3,

X i=- yi=—, wi=—. 3)

Then x, y, i can be considered as affine coordinates of P3. From now on, we shall denote
elements in P3 simply by p, g, 1, ..., etc. The coordinates of an element, say p, will be written
in the forms a,, by, xp, ... so on, whenever it is necessary to specify the element p.

It is known that the rapidities of the N-state chiral Potts model form the projective curve
07 (1) in P>. In terms of the affine coordinates (x, y, n) in (3), an equivalent form of defining
equations for 27 is given by

kxV=1-ku", kyV =1 —k'ul, (x,y,p) e C. 4)
Define
xi . N@, + N@, —
elfr — e Yoo el = x,, up = ( p2 ¢p)’ v, = ( p2 ¢p).

By eliminating the valuable " in (4), 20 becomes an N-fold unramified cover of the genus
(N — 1)? curve,

N+ yV = k(1 +xVyN)  (equivalently, sinv, = ksinu,). (3)
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The Boltzmann weights W, ,, W, , of the N-state chiral Potts model are defined by the
coordinates of p, g € 20 with the expressions

Wmm):" dpby — a,c 0’
W,.4(0) i bpd, — cpagw’

n n i —n p . —6, T
<= (" H Vg — @'xp _ cos N(Oy — ¢p)/2\ ¥ sm( e 4 (ZJN 1))
Vp — wixg cos N0, — ¢g)/2

,qu j=1 j=1 Sln = +¢‘I + ﬂ(22]N 1)) ’
Wpen) 1 wayd, — dyagel
WM(O) jol cpby — bpc ol
( v ﬁ wx, — w'x, (sinN(tpq - ¢p)/2)7ﬂ ﬁ sin (¢q_¢p n(j]'vfl))
X = Mpﬂq " == - R i
i Ya— wly, sin N (@, —6,)/2 i1 sin (6,; oy n(]N 1))

(see, e.g., [2]). By the rapidity constraint (1), the above Boltzmann weights have the
N-periodicity property for n. Equivalently, Boltzmann weights are represented by two cyclic
vectors, (W, (1)) nez, and (W, 4 (n))neZN, of CV with the ratio conditions:

Wp.q(n) . dpby, — a0 Wp,q(n) _ waydy — dpago”

Wyon—1)  byd, — cpazo”’ Wy —1)  cpby — bpcge”

For convenience, we shall assume W, ,(0) = WM (0) = 1 without loss of generality.

3. Six-vertex model and fusion relations of 77

By a remarkable paper [15], Bazhanov and Stroganov found that with each element
[a, b, c,d] € P3, there is associated a solution G(¢) of the Yang—Baxter (YB) relation for
the six-vertex model in terms of the operators X, Z. In the terminology of the quantum inverse
scattering method, G (¢) is put into the following 2 x 2 matrix form with operator entries acting
on ‘quantum space’ CV,

G()q() Goy]) _ < b? —td*X (bc — wadX)Z)

teC, (6)

2 Y
G =>b (GLO G, —tbe —adX)Z7'  —1® + wdX

and satisfies the YB relation

Rt/ G0 QDUR)G1)) =1 Q) GENGH) Q) DRE/1),  (T)

aux aux aux aux

where R(?) is the following matrix! of 2-tensor of ‘auxiliary space’ C?,

tw—1 0 0 0
0 -1 w-—1 0

RO=1"0 tw-1 wc-1 o0
0 0 0 tw—1

' The YB-relation solution G(r) we describe here is in accordance with discussions in section 4 of [14], which will
be briefly reviewed in section 4 of the present paper. Consequently, the R-matrix R(x) in our content is required
to vary the form appearing as (2.1) in [15]. Indeed, its entries are the Boltzmann weights of the six-vertex model
described in (5) of [13], also previously discussed in [24].
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By the auxiliary-space matrix product and quantum-space tensor product, the operator of a
finite size L,

L
QRGin=610)--QGL0), G;(t) =G, ®)
j=1

again satisfies the YB relation (7), hence the traces,

L
traux ® Gj(t) ’
j=1

teC
form a family of commuting operators of ®" CV. As G;(t) depends on the parameter
p =la,b,c, d] e P it will be written by G, ;(t) as well. Define the t[(,2)-0perat0r by

L
T2 (1) = tra [ @) G j (1) for 1eC, 9)

j=1
which again form a commuting family of operators acting on ®- CV for an arbitrary given
p € P3. The spin-shift operator of ®" CV will be denoted by X (:= ®jL.=1 X ), which has
the eigenvalues w? for Q € Zy. In the study of chiral Potts transfer matrices in [14], there
are families of operators, r,(,j ) for 0 < j < N, constructed from the tl(,z)-family (9) by setting
rl(,o) () =0, r](,l)(t) = I, and the following ‘fusion relations’ (see (4.27) of [14]):

(TP (@) = 2@ DXt V(1) + 7 ), I<j <N, (10)

oV (@) = 2 XNV () +u @)1 (11)
. wuz)()c,,y,,ft)2 L _1
with z(¢) := (’74) ,u(t) :=a,(A) +a,(A7") where ¢, A are related by (2), and

yp
= (L0 (L ()
(xp = 7/ =
A1 —k'Ap)? Y2 (= xV)
Note that oz, (1) + o p(k_') can be expressed as a polynomial of A + A~!, hence a polynomial
of V.
By (10), one can express r;j)(t) for j > 2 as a ‘polynomial’ of r[(,z) of degree (j — 1)
with coefficients in powers of X, e.g.,
() =P ()1 (1) — Xz(1),
(1) =P (OTP ()T (@) — Xz(0) TP (071) — X7 (1)2(0?D),
(5) — @ 2 @2y @ ()3 @20+ ¢,,,3
7, (1) = T, (t)‘L'p (a)t)rp (w t)‘L’p (0’t) — Xz(a)t)rp (w t)rp (0’t)
- Xt O)2(@* DT (@'1) — X2(@’ DT ()T (01) + X z(01)2(0’1).
Indeed, by induction argument one can show the following expressions of ‘C,(,j (1) for
2 < j < N+1interms of () and X:

L
) ifpe2|. (12)

2

-2 1
o =TTHwne Nex ¥
s=0

k=1 1<ii<lip</ o</ ix <j=2

£ z(w''t) I ,
<[] ( I1 r;2>(wfz)> (13)
Z_

1 71(72) (wifflt).cl?) (wigt) i
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where the notation i, <’ i;,; means i, + 1 < ip,;. Therefore, r;j ) (t) commutes with r,(,j K (D)
for all j, j/, t,t'. However (11) imposes the constraint of rl(,z) (1), hence on p, of which the
condition will be clear later on.

Using (13), one obtains the following relations:

(4

N-1
V(1) = ]_[ T (o't) + Z(—X)" Z

s=0 k=1 1<ip</ip</-<"iy <KN—1

k (a)i‘t) N—1
X H ( ‘ l—[ rl()z)(a)st)) ;
(=1

_L_[()2) (a)i[—lt) .51(72) (a)ig 1) o

[71
—zOXTN V() = Y 2 (=X >

k=1 O=i|<ip<’-<'[; KN-2

k (@it N-2
X 1_[ ( ‘ 1—[ rl(,z)(a)st)) .
=1

T[()z)(a)i[—lt)tlgz)(wigt) i

ol=

By which the relations (10) and (11) give rise to the functional equation of TIEZ) (1):
Foot) =u®l, (14)
where F e () is defined by

oz

[3
2/ i—1 2,
= k=1 heziien, \Tp (@107, (@0') [

N—1 ] ; N-1
Fo@:=[]tP@n+) 0" Y [] ( ) I rf)(af'z)) . (15)
s=0

with the index set Z; consisting of subsets I; of Zy with k distinct elements such that i % i’ + 1
(mod N) forall i,i" € I;. For example, for N = 2, 3, 4 (15) is given by

N =2, Fo ) =@ Ot (=1) — @) +2(=0)X;
2 2
N =3, Fo(t) = [[:P@n - D 20Dt @'t | X:
j=0 Jj=0
3 3
N=4  Foo=[]tP0@n- | 2/nrP@"n|X
j=0 j=0

+ (z(1)z(@?t) + z(w)z(@31)) X2,

The functional equation (14) for t[(,z) (¢), equivalently the relations (10) and (11), naturally
imposes the constraint on p, and it turns out to be the requirement of p as an element in the
rapidity curve 20. Indeed, we have the following characterization of 20.

Theorem 1. For p € P3, the relation (14) of rl()z) (t) for L = 1 is equivalent to p being an
element of the rapidity curve 0.

Proof. We now consider the relation (14) only for L = 1. By (6) and the expression of u(t)
in (11), we have

20 =y, (15 (0x), — o)X + (v, — w1)1),
a F K2 (1+ 2N — a - K2)(1+p2Y) N (16)
= B 2 :

(1= k') (1= kuf)

u(t)



Chiral Potts rapidity curve descended from six-vertex model and symmetry group of rapidities 7489

We are gomg to derive an explicit form of (15) for L = 1. By the invariant property under
= ot, ]_[ 0 rl(,z) (w’1t) is expressed in powers of tV; sois

2(0't)
> H( T D) | ]_[m)(w t))

IkEIk iEIk
as the index set 7 is invariant under the translation by 1 (mod N). It is known that XV = I,
and I, X, ..., XV~! form a set of linearly independent matrices. By (16), one has
N-1 N-T
[t @t =cop.)+en(p. )+ ( .)c,(p, nx/,
j=0 = N
and
2(@'t) N — 2k
0T = 5 H P (@' | = (—D!|Z| Z ( cj(p, X
= (@117, (@'t) | J—k
€Ly i€l Jj=
for 1 < k < [§], where ¢;(p, 1) == y‘2N (wfxzijN 2 tV) for 0 < j < N. Hence,

(15) L= has the following expression:

Ry N =2k
Fo(t) = (co(p, D) +en(p, D) + ) (Z(—l)’w( ik )) (c;(p, X’
N

J=l1
(51 2%k
i ] L -
+en—j(p, XNy 42N Z(—l)"ml([ﬁ] )
2

k=0

N [y

x (cpyy(p, DX+ ey g (p, DXV IET). (17)
Set p = s := [/, yu~', w7, 1] in (17) with generic ¢, y, 4. By (16) one has t? (1) =
(1 — wy™2t)1, which implies F o (1) is a scalar operator, equivalently, the coefficients of X Y
for1 < j < N-—1in(17) are all equal to zero. As cj(s,t) # 0 for j > 1, one obtains the
following recurrence relations for |Z|:

N —2k N
Z( l)|Ik|< k):o, j:l,...,[;] (18)

k=0
by which (17) becomes the relation, ng:> (t) = co(p, 1) +cn(p, t) for p € P3. By (16) and
the expressions of co(p, t) and cy (p, t),l the functional relation (14);—; can be reduced to the
following equation involving only the scalar term:
(1 +k/2)(1 + M?)N) - 4k/,u§," (11— k’z)(l + Mf,N)

2N 2N 2N N
MO g =M (1)) = ey e a
(1=kup) (1=knp)
Then it is easy to see that the above relation is equivalent to the relations: k> y,z,N = ( 11—k ;L[A,’ )2
and k%x2V = (1 — k’,u,;N)z, i.e., p is an element of 20 by (4). O
Remark. (1) As to the numerical values of |Z;|, it is easy to see that |Z;] = N and

|Z,| = w However, for k > 2, it seems a non-trivial task to obtain the explicit form of

|Zy| purely by the combinatoric method. Formula (18) provides a way to get the expression
of |Zx| by recurrent relations. However, it would be interesting to have a certain combinatoric
interpretation of (18).

(2) The fusion relations (10) and (11) were originally derived from the chiral Potts model
with p € 20, which we will recall in the next section, hence the relation (14) holds for any
site L when p € 20.
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4. The 7@T relation of the chiral Potts model

In this section, we recall the derivation of the fusion relations (10), (11) in the study of the
chiral Potts models in [14]. For the N-state chiral Potts model on a lattice of horizontal
size L with periodic boundary condition, the combined weights of intersection between two
consecutive rows give rise to the transfer matrix acting on @~ CV:

L
Ty(@)oo = l—[Wp,q(Ul - 61/)Wp,q (o1 — 01/+1)a p.q €20, (19)
=1
where o = (o1, ...,01),0" = (0{,...,0,) witho;, 6/ € Zy. The Boltzmann weights satisfy
the star—triangle relation:
N-1

Z Wy (b — )W, (@ — dYW py(d — ¢) = Rpgr Wpy(@a — bYW . (b — )W, (a — ©)
d=0

o
with R, = % and f,, = (%mw [4, 21], which ensures the commutativity of
transfer matrices for a fixed p € 20:

[T,(q), T,(g)] =0, q.9' €.
By (4), T,(q) depends only on the values of (x,, y;), parametrized by the curve (5) for p
fixed. Hence, we shall also write T,(gq) by T,(x,, y,) whenever it will be convenient. It is
easy to see that 7, (¢) commutes with both the spin-shift operator X of ®” C" and the spatial

translation operator Sg, which takes the jth column to the (j + 1)th one for 1 < j < L with
the identification L + 1 = 1. We denote

Ty(@) = Ty(@)Sk-
Now we describe the t™@T relation in [14, 15]>. By following the arguments in

section 4 of [14], one defines a 2 x 2 matrix, G(g', g) = (G(g', &m.m)m.m=0.1, for two
vectors g = Y, g(k)|k), g’ =, g’ (n)|n) € C" by
G(g.g) =) g mghGk, Gt == G(In), [k))
n,k

where Gﬁ for n, k € Zy are given by (4.4), (3.37), (3.38) and (A.3) in [14]: Gﬁ = 0 except
k=n,n—1,and

c m'+m
— (m'—m)n+ P
sz’m, — (_1)ma) m'—m)n+m (b_> t(?l,
p
d 2 a m'+m
—1 —1 '~ —1)+1 )4 P 1—-m’
sz’m, — (_1)m a)(m m)(n—1)+ (b_> (d_> tq m,
p p

k . . .
nwm.m €an be put in the form of a 2 x 2 matrix with the operator

valued acting on ‘quantum space’ CV. Indeed, one has the following expression:
Goo Go 1)
’ ) =G,
(GI,O Gy (@ty)

where G(¢) is defined in (6). For convenience, we shall hereafter denote the following
component ratios of p = [a, b, ¢, d] € P? by

where 1, := x,y,. Hence, G

N

ab .
t(:t,,)::—:xy, )\,(:)\,p)zc_NZM .

cd

2 T[()Z) (¢), Tp(g) in this paper are the operators fk(i)o_ e T, in [14], respectively.
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By (4), the variables (t, A) = (t,, A,) for p € 20 satisfy the relation (2), which defines a
hyperelliptic curve of genus N — 1. By (9), we have the commuting family r’fz) (t;) for a
given p € 20. The chiral Potts transfer matrices 7}, (g) constructed from the r[(,z)-family in
[14, 15] were along the line of the ‘7—Q relation’ developed in [5]. Apply the SL,-gauge
transform on the jth site G;(wt,) in (8) in the following manner:

1 1 1 rj .
Hj =P, Gj(wt)Pj.1, P, = 1) (Pps1 = Py),
1 +r? Fj
v j
then the trace remains the same, i.e., 1152) (ty) = trax(Q); H;). The choice of the P; above
is made in searching some non-trivial kernel vector g; € CV of Hj;,; ¢ (the left lower entry
of H;) for each j so that one can construct Bethe-equation-type eigenvalues of rl(f) (t4). For

P, q € 20, one can solve r;, g; as follows: for each basis element 8 = ®;|8;) € ®L CV with
B; € Ly, there is associated a set of solutions r; and the kernel vectors g;, given by (4.14),
(4.19a) in [14]:

r}g =o' Prix,, gf(n) =9, Wpua = Bi—)Wpua(n — B;), Bo := BL,
where U is the following automorphism of 20:

U:9%— 2,[a,b,c,dl— [wa,b,c,d], (G, y, w) = (wx, y, 1)).
Furthermore, the vectors g_/].ﬂ =H j;o,g(gf ) and g;’ﬂ =Hj;11 (g;8 ) have the expressions

(yp - wxq)(tp - tq)—

g;ﬂ(n) = Wp,q(n - ,ijl)Wp,q(n - ,Bj),
Xp = Xq
2
, ol (x, —wxy)(t, —wt,) __
gl (n) = —F W, 1oy (0 = i1 — DW= B — 1),

Vp — ©2xg
(see (4.19b), (4.19¢) in [14]). This implies

2 B B B
T2 (1)(®587) = ®;8] +®;8; -

B

By the expression of T),(g) in (19), the above g_’/-g (n), g; (n) and g_;/ﬂ (n) for all basis elements

B give rise to the following T T relation (4.20) in [14] (or (14) in [11]):
T2 () Tp(@xg, Yg) = 0p(@) Tp(xg. ) + 0, (U@ X Ty (x4, ¥y), (20)

where

L L
0p(@) = (”"‘“’xq)("'_t‘f)) L B@ = (“”“‘i(xp—xq)(fp—w)

y,z;(xp - xq) y,%(yp - a)xq)

By which, one can express rp(2) (t;) in terms of T),:

t2(ty) = (@p( @) Tp(xq. ) + 0, U XTp(0”xg, YN Tp(wxg, )" (21
The commutativity of 7),(g) ensures that tl(f) (t;) commutes with T, (x4, y47),

[t tg). Tp(xy. y)] =0, for p,q,q €20.

The t,ﬁj ) in (10), (11), with ¢t = t,, are related to the transfer matrices 7}, (¢) by the following

TT relations ((3.46) for (I, k) = (j, 0) in [14], or (13) in [11]):

Z(tq)z(wtq) ce Z(a)jiltq)
ap(rg)

Ty (g Y) Tp (Vgs @' Xg) = 1pghjipg (Tz(rj)(tfl) + X/ Tz()Nj)(wjtq)>

(22)
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for 0 < j < N, where
o= (e =)
(e =) O =)ty = 1)
_— (H Y3y — "xy) )
i (yp — @"xy)(t, — @™ty)

and o, (4,) is defined in (12). In particular, the relation (22) for j = N becomes

L
Ny 2 (p = 3 Op — xq)> Dy
p q

OF )08 — ) )
(see (4.39), (4.44) in [14]). Indeed, the operators r,§f ) were originally defined by the relation
(22) in [14], and the fusion relations of /) were derived from (20) and (22) with the coefficient
z(#) in (11) satisfying z(7;) = ¢,(¢)®,(¢). Using (21) and (10), one can successively express
15 (g) for 1 < j < N +1in terms of T,(q) ((4.34) in [14]):

Tp(xqs yq)/fp(yqa xq) = <

j—1
t9(q) = T (g Y) Tp(@ x4, ) D _(0p (@)@, (Uq) - 0, (U™ ' )5, (U™ q) - -
m=0
x @, U Ty(@"xq, yg) ' Tp(@" xg, y) 7' XT77H). (24)

Then, by [17) ¢,(U’/q) = a,(hy) and [119,Uq) = a,(1;"). the relation (11)
automatically follows. In this way, one can interpret the expression of z{* in (21), or
equivalently the T® T relation (20), as a t[(,z)-solution of the functional equation (14) when p is

an element of 20. By (23) and the T),-expression of rl()N )(g) in (24), one obtains the functional
equation of chiral Potts transfer matrices 7, ((4.40) of [14]):

N—-1
Tp(yq’ xq) = Z Cm;p(q)Tp(xqa yq)Tp(wqua yq)ilTp(a)meqv )h)ilX?mil,
m=0

where
Co:p(@) = ¢p(@ppUq) -~ 0, (U" '), (U™ q) - --
Ny 2, = 3 )0 — ) \
OF =)o) —x)) )

xg, (UNg) (

5. The symmetry group of chiral Potts rapidity curve and its relation with
hyperelliptic curves with D -symmetry

It is known that the rapidities of the chiral Potts model have a large finite symmetry group.
In this section, we are going to identify the precise group structure of Aut(20). As in [9], we
consider the following automorphisms of 2U:

MDY :[a,b,c,d]— [wa,b,c,wd], (x,y, ) — (x,y, o),

M® :la,b,c,dl— [wa,wb,c,dl, (x,y, w) — (wx, wy, W,

M . la, b, c,d] — [c, a)%d, a)%la, a)_lb], (x,y, 0) —~ (a)y_l, wx !, w%lx_ly,u_l),
M® :la,b,c,d] v+ [a,b, 0 ¢, d], (x,y, ) — (x, 0y, wp),

M . [a,b,c,d] — [d, a)%c, a)%lb, a], (x,y, u) —~ (x’l, a)y’I, a)%xy’lu),
R:la,b,c,d]— [b,wa,d,c], (x, y, ) = (y, 0x, uh.

(25)
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Then one has
R=MOMO = 4Oy py®. R = MO, MO = g2 = @V —
The diagonal symmetries of coordinates of 20 are expressed by

U=MOMOMD ™" [a,b,c,d] v [wa,b,c,dl;

MOYT'MD 2 (a, b, e, d] > [a, wb, ¢, d];

M [a, b, c,d] — [a,b, wc,d];

MO 'MW (a, b, c,d] > [a, b, c, wd].
Note that 25/(M 1) is represented by the curve (5), of which for the N = 3 case, the Picard—
Fuch equation of periods and algebraic geometry properties of the theta function and the
Jacobian variety were investigated in detail in [16, 17, 21]. Denote
MO =y p@p»H=2 . la,b,c,d] — [wa, b, wc,d], equivalently,

(x,y, ) — (wx, a)_ly, a)_l,u).
Among the three morphisms M® for i = 0,1,2, any two automorphisms generate a

Z2.-group acting freely on 2. Their quotient Riemann surfaces can be realized as members
in the following one-parameter family of hyperelliptic curves:

(1 — kA1 — kA
1 —«2

We (= Wy, : TV = : (T, A) € C?,

where k is a complex parameter # 0,4+1. For N > 3, the above family of curves is
characterized by the hyperelliptic curves of genus N — 1 with Z, x Dy symmetry group,
where Dy is the dihedral group (see proposition 2 in [26]). The hyperelliptic involution is
given by

o (T, A~ (T, A™Y,

and Dy is generated by the automorphisms 6, ¢ of order N, 2, respectively,

0:(T. A T. A (T, A I 1-kA
(T, A) > (T, M), L (T, ).—><7,K_A).

It is known that the three N2-unramified quotients of 2 can be realized as the following
hyperelliptic curves ((25) in [25]):

Wi > /(MO MD)Wy > W/(MD MD)W = WM, M),
(26)
with the coordinate expression from 20 to hyperelliptic curves given by
ab dV
Qn_>Wk” [aabacad]H(taA')z — |
cd’ N
ac id"
20 Wik ’b, ,d'_) L., A)=|—,—|; 27
— Wik la,b,c,d] = ( ) (bd bN) 27

le dN
W — Wi, la,b,c,dl— (T;, A) =0 —, — |,
ad’ aVN
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((4), (9), (11) in [25])°. The hyperelliptic curve W, can also be represented in the following
different form [25, 26]. By quotients of symmetries of W, one has the following commutative
diagram of Riemann surfaces:

v

w, % Pl =W/
J I 4
W /o)= P L Pl =W, /0,0)

where W, i, I, w are the natural projections with the coordinate expressions:

(1 —kA)A —kA™h
1—«2 '

The (T, A)-coordinates in W, of branch points for the projections W and IT are given by

Branch points of ¥: (00, 0), (oc0,00), (0,x), (O, k™Y,

. a1 +k vl —=k .
Branch points of IT: | 0™/ \| ——, =1, w™’ 1), 1<j<N,
11—« 1+«
where /1=£ .= V]1=X| e (550 Using the birational transformations,

1 1
w=—_(a-=), A=—{(1=)w—T")+x2+1},
1 —«2 2k

(T, A) = A, (T, A) =T, w(T) =TV, T(A) =

A
one obtains the equivalent form of the curve W, in terms of (w, T)-variables,

- |
WK:w2=(TN— K)(TN ”), (T.w) e C2.

1+« C1—x

Now we are able to determine all the symmetries of the rapidity curve 20 and its group structure
through the hyperelliptic curve Wiy /.. By (26) and (27), 20 is an unramified cover over Wiz«
with the Zi,-covering group (MV, M?®) via the map

bd’ bV
by which the symmetries of Wi/, can be lifted to automorphisms of 20U in the following
manner:

.dN
£ 90 —> Wi, [a.b,c,d] — (T, A) = (“C ! )

MO S o M ol R—1-6: M® — 1.0 .0. (28)

Proposition 1. For N > 3, the automorphism group Aut(Q0) of T is generated by
MY 1< j <5, and we have the following exact sequence of groups:

1 — 73 —> Aut(Q0) — Z, x Dy —> 1.

As a consequence, the order of Aut(20) is equal to 4N?.

Proof. When % # £1, Aut(Wir /) is generated by o, 6, ¢ with its structure isomorphic to
Z, x Dy [26]. As o, 0, can be lifted to those of 27 via (28), one has the surjective group
homomorphism from Aut(20) onto Aut(Wj i) with the kernel isomorphic to Z?V. Then the
result follows. When £ = 1, by replacing Wig/x, M by Wi, M@, respectively, the same
argument again gives the conclusion for Aut(20). ]

3 The variables (7}, A,), (T}, A;) here and (¢, A), (7, 1) in equations (9), (11) of [25] are related by (7, A,) =
s 1
(7' 1222 (T, A) = (021, 752).
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6. The descended forms of 7@ T and T'T relations on the hyperelliptic curve

In the study of chiral Potts models, for the T}, (¢)-eigenvalue problem one reduces the operators
on 27 to those over Wy [6, 23]; while discussions of the order parameter problem of chiral
Potts models were conducted by using the curve Wiy [8—10]. In this section, we consider
only the formal case, and derive the functional equations on Wy corresponding to the T®T
and TT relations on 20. By T,(q) = Ty(xy, y,) and Wy = 25/(M@, MV} in (26), for the
reduction of 7, (g) to an operator on Wy, one needs only to examine the effect of 7},(¢g) when
replacing ¢ by M©)(g). The relation is given by formula (2.40) in [14]:

(yp B a)xq)(yp B w_lyq)
H%(wxp = Yg)(xp — X4)

L
Ty(wx,, 0 'y,) = ( ) X', (xg0 yy)- (29)

In order to eliminate the scalar factor in the above right-hand side, a procedure of normalizing
T, (x4, yq) Was given in [6] via the function g,(¢)g,(q), where g,, g, are functions on 2U
defined by

N—-1
0@ =[] Wpom) ~ <&>

n=0 U’q
g,(q) := dety (W e (i — j))

(N-DN N _—
5= N 1

I1 g —wlx,\"
yp — @l x, ’

J=1

N mi(N-D(N-2) i (t, — w't )j
=N2e" ] j” ; d ——. by (2.44) in [14]
j=1 (xp —w xq) (Yp - W yq)

One has

(N-DN N _
fN !

2, (@)Z,(q) = N ™" (&) I
Haq k=1

(xp — a)kyq)k(tp — a)ktq)k
(xq - wkyp)k(xp - wkxq)k(yp - a)kyq)k .

(30)

By puf (x —x))(x) =) = w, ™ (yll,\' —x)(yy — ., one obtains the following relation

for the function gg when changing the variable g to M (¢):

(Yp - wxq)(yp - wilyq)
:u%;(wxp - yq)(xp - xq)

N
&Mz, MPq) = (D! ( ) 8p(@)2,(@)- 31)

By comparing the factors in (29) and (31), one leads to the operator

V,(@) = 57 To(@)/ (g @F, @) (32)

with the size L being only even for N even*. By X" = 1 and the relation between 20 and
Wy, the operator Vp(q)N depends only on the values of #, and A,, hence is defined on the
curve Wy. Up to Nth roots of unity, we may write V,(g) simply by V,(#,, A,). With the
same argument, one can see that ]_[3\:01 vV, (! t4, A4) depends on the values of tév , Aq, hence
becomes a function of the variable A, only. Indeed, by examining poles of the function, Baxter
obtained its precise form ((4) of [6]):

Nl j L # —(N=1) TN —1)(N+4)
[ Vo@tyh) =n"2g = ()7 SO, ni=e =
Jj=0

(33)

4 This requirement was not put in [6], but we add it here out of consideration of the factor (=¥ in the
relation (31).
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where «, (1) is given by (12), and S(A) is a polynomial of A of degree (N — 1)L. We shall
use the operator Vy(ty, 4q) on Wy to describe the T@T and TT relations.

The T7T relations on Wy were already given in [6] as equation (8) there. For the self-
contained nature of this paper, we represent here a little more detailed derivation on the formula
by using (22). By (29), one has
L

J
) X_j’fp(yqv wjxq)’

1 (yp - wkyq)())p - a)‘j_kxq)
2j 1_[

T (a)jy X)) = | —= .
14 q>q il (wxp _ wj+1—kxq)(xp _ a)k—lyq)

by which (22) can be converted into the following form:

. L
J

5 p — @ 9) p — @ *xy)
Tp(xq, ) Tp(@' yg, Xg) = rpqhjipgq (1_[ i q_ . :

Pl ,up(a)x — w1k x ) (x, — wfly,)

P 7t . .
x (XJ_L_]()j)(tq) + Hk:l Z((l) q)fl(,Nj)(a)jtq)> .

ap(Ag)
By (30), one can derive the identity

_ : o NN = 3N (3 = )N (o — x)
gp(‘])gp(Q)gp(UjHR_]Q)gp(U]HR_lq) = nlij(N—l)(Ni) 1 N+j N
e V) Oy =)

yy =)
J ky, \N N-
X (H () — 1pyq)1v(t = Py )N> l:[ — ™),

Then by the relation

k i
(rpghjip.a)® 1_[ — @' y)(yp — 0’7" xg)

P lM‘,,(a)x — witl—kx ) (X — ok ly)
_ Nyy (v = x) (3 — (1) = 1) 1—[ (yp — ot yy)
/) (x) — )(yp ) (=) (@ — k)

one has
, N p=@* ) p—*x,) N
(pghjipg)® (Hk:l ,Lg(wxp—w#lkaq)(x,,—wkflyq))

2r(@)g,(@)g,(U'R™q)g,,(U/* 'R q)
N
_ ? R
= — - : . _
]_[szll [a)uiy,,“(t,, — wi*kt,)?] ¥ (xN — xé\’)

By which, the TT relations (22) become equation (8) of [6] in variables (¢, 1),

MV L@ DOV, (1, V(@ t, A7) = o, ()X TP (1) + (]_[ z(w’”t)> VI (@'1),
k=1
where ¢ (¢) :=n~ ]_[k L z(0f #)~ . In particular for j = 0, we have o) =)V, (1, 1)V,
(¢, A~1). Then by (33), one arrives at formulae (11), (12) in [6],
SWSAH =M@V () - M (@),

L N J
V,(t, VN = —— 1 ]_[ <ap()»)X_j‘L’1(,j)(t) + (]_[ Z(a)k_lt)> r;N—ﬂ(wft)) )
Az

o, (N SG) Pl

(34)
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By the commutativity of operators X, 7, o) (), V,(t, 1) and S(A), their eigenvalues again satisfy
the relations (10), (11), (34), regarded as scalar functions on W;.. By which, one can solve first

T )(t) by (10), (11), then by (34) obtain S(1), hence eigenvalues of V, (¢, 1) (equivalently,
those of T,,(g)). All the above relations should in principle place one well on road to solving
the eigenvalue problem of chiral Potts model; however as (¢, A) are the ‘coordinates’ of a
higher genus curve Wy, it is still a difficult problem to extract explicit solutions for a finite
site L. Nevertheless, one can use these equations to obtain the maximum eigenvalues [6] in the
thermodynamic limit as L tends to oo, as well as in the discussion of the excitation spectrum
in [23].

We now identify the (z, A)-form of > T relation. By (30), the relation (20) becomes

L

N—-1 N
(l _ a)k”t )k
it (]_[ L g TP 1)V, (@ly. hy)
k=

L (x, — ky,)F(x, — oFlx )k

= (—w)* ((Xq — )~ 1) ﬁ (tp — 1) )

(xp - -xq)N 1 (xq - wkyp)k(xp - wkxq)k

=z~

)»%,(xp — wxy)V (t, — wiy)V

(xq - w_ZYp)N

XV (ty, Ag) + (—w) 7 F (

(1) — 1)k W v
X l_[ (@2x, — Wk y)k(x, — 0¥ 2xy)k Vp(@7iy. Ag).

hence one has

L
)N GNNAD/2(W N _ yNY(;N _ yNY\ ¥
(D" (xq yp)(p q)) V(g hg)

() =)

yiLT,(;Z) (tq)Vp(wtqa )‘-q) = <

() =)

N
XV, (0’1, Ag).
(—1)Na)N(N+')/2(x4V _ y}av)(t;y _ qu)> p( q q)

By (—w)YoNWV=D/2 = _1 and ()‘,’f ‘;,; A"'\A‘Iqill, we obtain the 7V relation on the

variable (74, A,) € Wy for a fixed (t,,, Ap) € Wy

2L L
1—kr \7 Mhg — 1) (Y =N\ ¥
(717) T;Z)(tq)vp(wtq’ )\'q) — (( p7d p)( p q ) Vp(tq, )\'q)

2L
+1) (1, — oty (

k Ay —Ap

+(t, — wt,)*t hoke — 4 ' XV, (@, 1) (35)
g ! (phg — DN — V) P

1
In particular, in the superintegrable case where A, = 1,7, = (llzk,)” the relation (35)
becomes

A -k \*©
Tk/ Tp (tq)V,,(a)tq,)»q)z L+ k& —[q Vp(tqa)"q)

2L —L
1 — K\ ¥ -k N\ 7 ,
+ 1+ —Cl)tq Tk/—tq XVF(C() tq,)\.q).

Therefore, if 1:(2) (t,) coupling with a function V,(#;, A,) of Wy forms a solution of the

Al
l‘q, q

above relation, V ( ) is also a solution with the same rl(,z) (ty). By the procedure of
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solving the eigenvalue V,(;, A,) in the chiral Potts model, V,(z,, A,) is not invariant under
the change of A, to k;l. Hence, the correspondence between the V,-eigenvalues and the

rl(,z)-eigenvalues is at least a 2—1 map. Therefore, the degeneracy of tl()z)-eigenvalues occurs
when p is the superintegrable element, an analogy to the discussion of the T—(Q7, relation for
the eight-vertex model in [19].

7. Concluding remarks

In this paper, we made a clear mathematical derivation of the descending process from the
six-vertex model to the chiral Potts N-state model following the works [14, 15]. We start with
the Yang—Baxter solution (6) of the six-vertex model carrying an arbitrary 4-vector ratio p;
then reinterpret the descendant relation of the six-vertex model and chiral Potts model through
the fusion relations (10), (11) of rl(,j ), and finally reach the chiral Potts constraint (1) for the
rapidity p. The finding does suggest that studies of all 7(/)-families should be important for
understanding the mathematics in the chiral Potts transfer matrices. Although the operators
) in statistical mechanics are in many respects well understood physically, the mathematical
investigation on the fusion relations of these operators still lags behind. Certain interesting
topics are expected to arise by exploring deeper into their mathematical structures. From the
relations between the rapidity curve 20 and three genus (N — 1) hyperelliptic curves with
D y-symmetry, we determined the structure of Aut(20), hence all the symmetries of rapidities.
Through one of these hyperelliptic curves, Wy in (2), we obtain the reduced form (35) of the
7@ T relation on W, which is descended from 920. Through this, we are able to indicate the
degeneracy of r,(f)-eigenvalues when p is a superintegrable point, a similar phenomenon for
the T—Q7, relation discussion of the eight-vertex model in [19]. The comparison is also one
of the motivations for our investigation in this paper. Further developments along this line are
now under consideration, and progress is expected.
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